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Abstract. Fluid-structure interactions are multi-physical problems which may present complex coupled and local-
ized phenomena. In the literature, most of the methods for these rely in two main approaches: interface tracking
and interface capturing families of methods. In the interface tracking methods, fluid and solid discretizations are
conform to the fluid-structure interface and its location is a part of the solution, requiring an additional step (mesh
moving or re-mesh) when it changes. On the other hand, interface capturing methods employ immersed boundary
techniques to describe the fluid-structure interface position in an Eulerian domain. In this work, an alternative
approach is presented. Frame structures with Timoshenko-Reissner kinematics are modeled in the positional ver-
sion of the finite element method, a simple alternative for the simulation of nonlinear dynamic problems. The
fluid, described by the incompressible Navier-Stokes equations, is modeled in the Arlequin framework, a domain
decomposition method based on the superposition of a local model (located in a particular region of interest) to
a global one, unsuitable to capture the localized effects. The communication between models is provided by a
Lagrange multiplier field, defined in a subset of the overlapping zone. This strategy has been applied successfully
for the simulation of incompressible flow problems with fixed overlapped models, i.e., in an Eulerian descrip-
tion. In this work, the methodology is extended to an Eulerian-ALE version, covering the case of a moving local
model, applicable to the simulation of fluid-structure interactions involving large structural displacements. The
resulting model is coupled by a strong Dirichlet-Neumann partitioned scheme with Aitken’s relaxation. Finally,
flexibility and accuracy of our technique are evaluated by numerical tests. As main advantages, one can point the
flexibility on the treatment of problems with large rigid body motion, such as turbines and rotors (a drawback of
interface tracking methods, that sometimes requires re-meshing steps), while keeps a suitable discretization close
to the fluid-structure interface throughout the analysis (not always possible when interface capturing methods are
employed).

Keywords: Fluid-structure interaction, Domain decomposition method, Arlequin method, Stabilized finite ele-
ments.

1 Introduction

The main issue on solving fluid-structure interactions (FSI) concerns the couple of two physical problems
usually described in different mathematical frameworks (Lagrangian for the structure and Eulerian for the fluid).
From a geometric point of view, FSI problems can be classified regarding the treatment of the fluid-structure in-
terface into two groups: interface capturing and interface tracking methods [1]. In the former, immersed boundary
techniques are employed over Eulerian computational domains to track the interface position, which is usually
performed by level-set functions and has proven to be more suitable for fluid-structure interactions with strong
topological changes, such as large structural displacements. In interface tracking methods, the fluid-structure in-
terface location is a part of the solution and the fluid discretization needs to be moved in order to represent the
structural deformation. In this class of methods, the fluid governing equations are adapted to a consistent mathe-
matical framework such as the Arbitrary Lagrangian-Eulerian (ALE) description [2] or Space-Time finite element
approaches [3], which allows dealing with a moving computational domain. In both cases the fluid-structure cou-
pling includes an additional step to the solution process: the fluid mesh update, which may be performed by several
numerical approaches in order to keep a proper discretization avoiding excessive element distortion throughout the
analysis, such as elasticity or spring analogy, Laplacian smoothing, among others.

However, both approaches present limitations. Interface tracking methods may need additional re-meshing
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steps periodically, specially in cases when the excessive element distortion can no longer be avoided. On the other
hand, in interface capturing methods it is not always possible to keep a suitable spatial discretization close to the
fluid-structure interface. More recently, alternative techniques have been proposed to overcome such limitations
based on the superposition of a localized fluid model close to the structure [4, 5]. Such approaches are developed
in the sense of domain decomposition methods and have proven to be robust and precise on dealing with this class
of problems, specially when the structure presents large displacements or rigid body motion.

In this work, we present a new methodology for the simulation of two-dimensional fluid-structure interactions
involving large structural displacements in the context of domain decomposition methods. The FSI problem is
solved in a strong Dirichlet-Neumann partitioned algorithm with Aitken’s relaxation. The structure is modeled by
frame elements with Timishenko-Reissner kinematics in the positional version of the finite element method, a total
Lagrangian framework developed by Coda and co-workers [6–8]. Finally, the fluid problem is solved by means
of a stabilized version of the Arlequin method, presented in our previous work [9], and extended to the case of a
moving overlapped model.

The paper is organized as follows: section 2 presents the fluid solver, based on a domain decomposition
technique taking in account a moving overlapped model. Section 3 presents the structure solver and section 4
the fluid-structure coupling algorithm. A numerical example is presented in section 5 and concluding remarks are
drawn in section 6.

2 Fluid solver

The Arlequin method is a domain decomposition technique based on the superposition of a local finite ele-
ment model to a global one, so the localized effects can be properly approximated in a region of interest of the
computational domain. In summary, the construction of an Arlequin-based formulation relies on three main princi-
ples: (i) the computational domain Ωf is built over the superposition of a local model Ωf

1 to a global one Ωf
0 and a

sub-region of the overlapping zone (Ωov = Ωf
0 ∩Ωf

1 ), named gluing zone (Ωf
c ), is defined; (ii) link the overlapped

models by means of a coupling operator defined over Ωf
c , usually based on a Lagrange multiplier field; (iii) the

energy distribution between models, in order to conserve the mechanical energy, guaranteed by a standard partition
of unity basis function (%0, %1) applied to the governing equations.

In our previous work [9], a methodology for the simulation of incompressible flows over a novel stabilized
Arlequin formulation was introduced. In this work, we extend the stabilized Arlequin formulation to the case of a
moving overlapped model in the context of fluid-structure interactions.

Consider th arbitrary computational domain Ωf at t = tn, with global Ωf
0 local Ωf

1 models such that Ωf =

Ωf
0 ∪Ωf

1 in a given position x0(n) and x1(n), respectively. In the next time step t = tn+1, the local model is moved
to a new position x̄1(n+1) ir order to capture the structural displacement while the global model is kept unchanged.
This kinematic is illustrated in Fig. 1.
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Figure 1. Arlequin Eulerian-ALE kinematics.

As pointed by [9], the Arlequin framework can be understood as the glue of two domains with different %i
thicknesses, with velocity and pressure constants in the thickness direction. This assumption implies that there is
no energy transport in the thickness direction.

Under such considerations, the two overlapped models can be analyzed separately in an Arlequin Eulerian-
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ALE framework: the local model is modeled in the sense of ALE description and locally %1 remains constant
independently from the model motion; the Lagrange multiplier field, defined in a subspace of the local model,
does not present energy transport when moved and no additional consideration needs to be provided; the global
model geometry remains constant throughout the analysis and is modeled in an Eulerian framework, while the
respective energy weight function %0 needs to be updated and integrated over time, i.e., %0 = %0(t).

Thus, the problem of a flow modeled by the Navier-Stokes equations of incompressible flows in the Arlequin
Eulerian-ALE framework may be written in within a stabilized finite element discretization as

∫
Ωf

0

ρ%0w
h
0 ·

∂uh
0

∂t
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0 +

∫
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0
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∫
Ωf

1

ρ%1w
h
1 ·

∂uh
1

∂t

∣∣∣∣
x̄1

dΩf
1 +

∫
Ωf

1

2µ%1ε(w
h
1 ) : ε(uh

1 ) dΩf
1 +

∫
Ωf

1

ρ%1w
h
1 ·
(
(uh

1 − ūh
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ζh ·
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(5)

where ρ is the fluid density and µ the viscosity. fhi , uh
i and phi with i = 0, 1 are, respectively, the external force,

velocity and pressure fields. wh
i and qhi with i = 0, 1 refers to velocity and pressure test functions, respectively.

λh and ζh are the Lagrange multiplier field and its respective test function. τSUPG, τPSPG, νLSIC and τARLQ are
stabilization parameters (see [1, 9]) and rM(i), rC(i) are the governing equations residuals.

Problem (1)-(5) is solved employing P2P2 finite elements to approximate all variables (velocity, pressure and
Lagrange multipliers) for the spatial discretization and the generalized-α method [10] for the time marching.

3 Structure solver

Consider an arbitrary solid point, whose position are given by x ∈ Ωs
x at the initial configuration (t=0) and

by y ∈ Ωs
y at the deformed configuration (t = tn). From previous developments on the positional version of the

finite element method (see e.g. [6, 7]) the dynamic equilibrium of a solid subjected to conservative loads can be
written in a total Lagrangian framework as

∫
Ωs

x

ρxÿ · δy dΩs
x − F · δy −

∫
Ωs

x

bx · δy dΩs
x −

∫
Γs
x

p · δy dΓs
x +

∫
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x

∂ue
∂E

:
∂E

∂y
· δy dΩs

x = 0, (6)
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where ÿ refers to the solid acceleration, ρx, F, bx and p are the solid density and the vectors of concentrated, body
and traction forces, respectively. ue is the specific strain energy and E the Green strain tensor, given by

E =
1

2
(ATA− I) =

1

2
(C− I). (7)

where A is the deformation gradient, i.e., A = ∇F with F being the mapping function and C is the right
Cauchy-Green deformation tensor. The last term in (6) refers to the strain energy and depends on the finite element
kinematics, while the remaining terms are directly approximated by a standard finite element interpolation of
positions.

In this work, frame structural elements are employed and, following the developments of [7, 8], its deforma-
tion can be mapped by means of a reference line and an auxiliary generalized vector on the nondimensional space
ξ, as illustrated in Fig. 2.
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x x y y
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(a) Reference line mapping.
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Figure 2. Frame finite element kinematics.

Thus, the complete solid mapping related to the nondimensional space for both initial and deformed config-
urations can be written, respectively, as

Fh
x = Fmh

x + gx = Nl(ξ1)Xmh
li +

hx
2
ξ2Nj(ξ1)ex(ij), (8)

and
Fh

y = Fmh
y + gy = Nl(ξ1)Y mh

li +
hx
2

[ξ2 + ajNj(ξ1)ξ2
2 ]Nj(ξ1)ey(ij), (9)

whereNl is the l-th shape function, Xmh
li and Y mh

li are the l-th nodal coordinates in the i-th direction, respectively,
in the initial and current configurations. ex is a unit vector in gx direction, orthogonal to the reference line
in the initial configuration, and ey is a unit vector in gy direction, not necessarily normal to the reference line
in the deformed configuration. hx and hy are the frame thicknesses in the initial and deformed configurations,
respectively, and aj is the j-th nodal value of strain rate along thickness.

Finally, the mapping from initial to the deformed configuration can be written as the composition of (8) onto
(9), i.e., Fh = Fh

y ◦ (Fh
x )−1. Analogously, the deformation gradient is given by Ah = Ah

y(Ah
x)−1, where

Ah = ∇Fh, Ah
x = ∇Fh

x and Ah
y = ∇Fh

y . These expressions allows to compute the Green strain tensor (7) and
also the specific strain energy, adopted as a Saint-Venant-Kirchhoff material. Introducing these approximations
onto the dynamic equilibrium expression (6) leads to a nonlinear problem of the type

MŸ + Fint = Fext, (10)

where M is the solid mass matrix, Ÿ is a vector of acceleration nodal values, Fint and Fext are internal and
external force vectors, respectively. Problem (10) is solved with cubic-approximation frame finite elements and
the time marching is performed with the Newmark algorithm within a Newton-Raphson process.

4 Fluid-structure coupling

Fluid and structure solvers are coupled in an implicit partitioned scheme based on a fixed-point algorithm with
Aitken relaxation [11]. At each time-step, the local model is moved to capture structural displacements. Following,
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the fluid flow is updated and the flow dynamic loads are transferred to the solid. The structure solver is called and
a new position of the fluid-structure interface is obtained and relaxed by the Aiten’s relaxation parameter. This
process is repeated until the interface position convergence, and the solution advances in time.

This procedure is summarized in Algorithm 1, where M , E and F refers to the fluid mesh, structure and
fluid solvers, respectively.

Algorithm 1 FSI time marching - fixed-point with Aiken relaxation

1: for every time step n do
2: k = 0;
3: - Predict the fluid-structure interface: x0

n+1 = xn + ∆t
(

3
2 ẋn − 1

2 ẋn−1

)
on ΓIFE ;

4: while (ε > tolerance) do
5: - Update the local model and compute the mesh velocity: ūk

1 ←M (xk
n+1);

6: - Compute the trial interface position: x̃k
n+1 ← E ◦F (ẏk−1

n+1, ū
k
1);

7: - Compute Aitken’s relaxation factor (ςkn+1):
8: if k = 0 then
9: ς0n+1 = ςkmax

n ;
10: else
11: ςkn+1 = ςk−1

n +
(
ςk−1
n − 1

) (∆xk−1
n+1−∆xk

n+1)·∆xk
n+1

‖∆xk−1
n+1−∆xk

n+1‖
, where ∆xk

n+1 = xk
n+1 − x̃k

n+1;

12: end if
13: - Compute optimal Aitken’s relaxation parameter: $k = 1− ςkn+1;
14: - Relax the interface position: xk+1

n+1 =
(
1−$k

)
xk
n+1 +$kx̃k

n+1;

15: - Compute the fixed-point algorithm error: ε = ‖∆xk
n+1‖L2=

√
∆xk

n+1 ·∆xk
n+1;

16: k + +;
17: end while
18: end for

5 Numerical test

This example illustrates the robustness on solving practical engineering problems with the proposed formu-
lation. It consists in a vertical axis Savonious-type wind turbine with two semicircular blades of 4cm diameter
overlapped by 0.15 cm, as illustrated by Fig. 3. The structure is discretized by six finite elements of cubic approx-
imation for each blade, connected by two additional straight and rigid finite elements, and composed by a material
with Young’s modulus E=7×107 g/cm·s2, Poisson ratio ν=0.33, thickness hx=0.05cm and density ρs=2.7 g/cm3.

uy=0
ux=u∞

uy=0

uy=0

50

100

200

M0
B

4

(a) Geometry and boundary conditions (values in cm). (b) Local model (red), global model (black) and gluing zone (blue).

Figure 3. Numerical test: geometry, boundary conditions and fluid discretization.

The fluid domain geometry and boundary conditions are also presented in Fig. 3. The problem is modeled
with a fluid with density ρf=1.18×10−3 gm/cm3 and viscosity µ=1.82×10−4 g/(cm·s). The flow inlet veloc-
ity is taken as u∞=20 cm/s, corresponding to a Reynolds number equal to 1000, taking the turbine diameter as
characteristic length.

The fluid computational domain is discretized by a global model with 16657 nodes and 8264 elements and
a circular local model with 16724 nodes and 8198 elements. The gluing zone is taken as a strip 2cm wide at the
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local model, corresponding to a discretization with 2164 nodes and 980 elements. The resulting Arlequin problem
has 104471 degrees of freedom.

The analysis is carried with a time step ∆t=0.002s and a constant impulsive initial torque of magnitude
M0=200 g·cm2/s2, removed at t=0.5s. During the simulation, point B displacement was monitored and the results
are presented in Fig. 4.
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Figure 4. Numerical test: point B horizontal and vertical displacements history.

As can be noticed, after the initial impulse on the turbine, it presents an accelerated rotational motion due to
the coupled phenomena developed by the structure rotation and the flow dynamic effects. The flow is characterized
by a vortex shedding, which detach radially downstream from the turbine and may be observed in the snapshots of
the velocity and pressure fields illustrated in Fig. 5 and 6.

(a) t=14,304s (b) t=15,184s (c) t=16,064s

22.0

44.0

0.00

Figure 5. Numerical test: velocity field magnitude for a complete turbine rotation cycle. Values in cm/s.

(a) t=14,304s (b) t=15,184s (c) t=16,064s

-0.051

-0.017

-0.085

Figure 6. Numerical test: pressure field for a complete turbine rotation cycle. Values in g/cm·s2.

Although this example is not focused in a quantitative analysis, it illustrates the main advantages of our
method. The magnitude of the rigid body displacement developed by the structure makes the analysis of this class
of problems by means of conventional interface tracking techniques a challenging task, as it may require successive
re-meshing steps. In addition, in the overlapping model methodology proposed in this work, the fluid local model
discretization can be dynamically updated with minimal element distortion, as shown in Fig. 7.

6 Conclusions

In this work we presented a new methodology for FSI based on the superposition of a moving fluid model
to a fixed one in order to represent the fluid-structure localized phenomena in two-dimensional problems. The
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(a) t=14,304s (b) t=15,184s (c) t=16,064s

Figure 7. Numerical test: local and global models in a complete turbine rotation cycle.

communication between the overlapped models is performed in a stabilized Arlequin framework and this strategy
have shown to be suitable for practical engineering computations, specially devices and mechanisms involving
large displacements, as wind turbines, avoiding re-meshing and with a refined discretization always close to the
fluid-structure interface. More realistic problems can be simulated with the extension of this formulation for three-
dimensional problems, which we intend to explore in a future work.
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