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alterations and the process parameters directly influence the 
surface roughness of the machined component [3]. Besides, 
they are associated with the intermittent cutting condition 
that affects the machining force, tool wear, form deviations 
and vibrations [4].

In such a milling process, the TSE shifts the dominant 
material removal mechanism from ploughing (plastic defor-
mation) to shearing [5, 6], which makes the process highly 
dependent on geometry, workpiece material, and toolpath 
planning. These factors increase process complexity and 
result in varied surface finishes [7]. The ordinary theoreti-
cal surface (which considers only geometric aspects of the 
process) cannot properly represent the surface texture and 
roughness in most cases, and it still lacks a better compre-
hension of the relationships among the TSE, cutting param-
eters and material properties [8].

Feng et al. [9] analytically investigated the milling tex-
ture, and the comparison with experimental results shows 
that elastic recovery takes place, resulting in several devia-
tions from the theoretical surface. Besides, it was observed 

1  Introduction

 Free-form surfaces have been used over the last decades in 
automotive, aeronautical, medical, and other industries to 
meet aesthetic and functional demands [1]. Milling with a 
ball-end cutting tool is the most used process for machin-
ing such surfaces [2]. In contrast to ordinary milling, the 
tool surface engagement (TSE) alters constantly along 
the toolpath when milling a free-form surface. These TSE 
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The current research investigated the influences of tool surface engagement (TSE), material hardness, and cutting param-
eters on the machining force and roughness when milling free-form surfaces with a ball-end cutting tool. The frequent 
alteration of the TSE (as typically encountered in this milling process) also alters the dominant cutting mechanism, either 
ploughing or shearing. The phenomena occurring in such machining processes are still not fully understood, and their 
comprehension is fundamental for the development of any robust model to predict such processes. Machining experiments 
were conducted by varying the TSE (angle φ) and workpiece hardness (AISI H13 steel: annealed 227 HV and hardened 
495 HV). A geometric study allows identifying a critical geometric cutting condition - the ξ angle, which corresponds to 
the angle of chip extension. It is driven by the cutting parameters together with the TSE. The ξ angle allows identifying 
the cutting condition in terms of force and roughness. When the ξ angle is altered, the predominance of the machining 
mechanism is also altered between ploughing and shearing. Thus, a new specific Ks coefficient according to ξ angle was 
established, Ks(φ) and Ks(ξ), to estimate the machining force according to the tool position along the trajectory. The ξ 
angle, together with material hardness, allowed the identification of distinct surface damage patterns that affect the surface 
roughness Sz.
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that as the feed rate increases, the associated errors in the 
surface topography also increase. One possible cause may 
be related to recrystallisation effects during machining, 
which modify material properties associated with grain-
size-dependent parameters, as described in the Johnson–
Cook model [10].

Marin et al. [11], evaluating ball-end milling of free-form 
surfaces, modelled the chest height in the feed direction and 
observed that the surface roughness is influenced by the lead 
angle. At lead angles close to the tool centre actuation (5° 
lead angle), the generated surface is dominated by plastic 
deformation, whereas at higher lead angles, the deviations 
from the ideal surface are mostly influenced by tool runout. 
Thus, for a precise determination of roughness, the trochoi-
dal movement of the tool must be considered. This shows 
that for different materials, the roughness behaviour differs 
from the theoretical prediction, and that topological inspec-
tion and quantification of the surface roughness are good 
indicators when evaluating the surface texture across a wide 
range of experiments.

The challenges in quantifying these errors convention-
ally lead the industry to apply manual polishing to achieve 
the roughness requirements of free-form surfaces, which 
can degrade dimensional tolerances [12]. Tolerances for 
dies and moulds are stringent, ranging from 0.05 to 0.1 mm 
for stamping and lower than 0.04 mm for injection mould-
ing [13].

These requirements become even more challenging when 
machining hardened hot-working alloys (30–60 HRC), 
where increased material hardness can amplify dimensional 
deviations but also increase the chip brittleness, poten-
tially improving the process window for stable machining. 
Among them, AISI H13, a Cr-Mo-V alloy steel, is widely 
used in hot-stamping moulds due to its thermal shock resis-
tance, toughness, and heat stability [14]. When hardened, 
it retains superior toughness at elevated temperatures [15], 
which promotes brittle fracture behaviour and improves sur-
face finishing [16]. Also, residual stresses are generated dur-
ing the heat treatment process, which can cause distortions 
in previously machined parts. As a result, there is a growing 
trend towards machining hardened materials.

Prior studies on the ball-end milling of free-form sur-
faces provide critical insights into optimal tool orientations, 
toolpaths, and cutting parameters for achieving tight toler-
ances. Lacalle et al. [17] demonstrated that downward con-
cordant cutting minimises deflection, challenging the linear 
cantilever assumption. Beyond orientation, error compen-
sation strategies have also been explored. Ma et al. [15] 
developed an algorithm to modify the NC code to reduce 
machining errors by considering tool deviations according 
to the workpiece engagements and machining force, which 
are governed by tool geometry, workpiece material, cutting 

conditions, and direction, which also affect the surface 
texture.

Free-form ball-end milling lacks a universal definition, as 
the instantaneous surface curvature dynamically affects chip 
formation [18]. Selecting toolpath strategies (e.g., optimised 
toolpaths and tilt angles) to minimise forces improves sur-
face finish and reduces deviations [19]. The toolpath strat-
egy influences the force components, geometric error and 
the tool wear [11]. Multiple studies have demonstrated that 
surface quality can be improved by minimising the machin-
ing force through optimised parameters and toolpaths. It is 
known that tool trajectories and cutting direction influence 
the process and the final surface due to the variation in the 
tool inclination angle [20].

Depending on the process parameters, the direction of 
tool movement, and the curvature of the surface, the tool 
tip centre may engage on the surface, causing significant 
changes in cutting forces and surface quality. When the tool 
tip’s centre acts on the surface, the cutting speed reaches 
zero, and the material is crushed rather than sheared, affect-
ing thermomechanically the workpiece and the chip forma-
tion [21]. This condition can double the machining force, 
degrading surface finish, particularly in ductile materials 
[22].

The influences of ploughing and/or shearing mechanisms 
on cutting force levels remain poorly understood. These 
effects depend on the TSE and the properties of the mate-
rial to be machined. In this context, Basso et al. [6] identi-
fied three TSE conditions to describe the ball-end milling: 
(i) tool tip contact with the final surface (Tip-On surface), 
(ii) tool tip participation in cutting without forming the final 
surface (Tip-Out surface/Tip-on-chip), and (iii) tool tip dis-
engaged (Tip-Off). Nevertheless, further in-depth investi-
gation into the mapping of tool-surface engagement (TSE) 
across materials with different properties is still required.

Regarding the cutting strategy, the literature recommends 
down-milling instead of up-milling for a superior surface 
finish, because it reduces plastic deformation [23]. Yao et 
al. [24] showed that transverse down-milling minimises the 
tool indentation effect, resulting in lower surface roughness 
in TC17 titanium alloy. However, detrimental effects related 
to low cutting speeds were observed for ductile materials.

Wu et al. [25] attribute the instability of up-milling to 
increased tangential force and reduced axial force, which 
exacerbate vibrations in low-rigidity tools when machin-
ing hard materials typically used for moulds and dies. Con-
versely, Scandiffio et al. [26] reported that when machining 
hardened AISI D6 (60 HRC), and when the tool tip is 
engaged in the cutting process, it improved the cutting sta-
bility and surface roughness. It happened because a high Fz 
component, together with the tool tip against the machined 
surface, assured stiffness during the machining.
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Magalhães et al. [27] evaluated the machining of cylin-
drical specimens of AISI H13 (52 HRC). When the tool 
tip centre was disengaged, the ascending cut produced a 
superior surface finish. However, with the tool tip contact, 
in descending cut, surface roughness (Ra) improved by 
approximately 100%. Conversely, Souza et al. [28] found 
that ascending cut yielded lower roughness and forces on 
AISI P20 (30 HRC), mostly because of a higher effective 
cutting speed and the avoidance of the tool tip centre. These 
findings underscore how force behaviour critically varies in 
ascending and descending cutting.

The effect of the ball-end tool tip on the milled surface 
and its interaction with materials of different hardness is still 
not well addressed in the current literature. These factors 
are important to be considered in a future robust model to 
predict the machining force, cutting tool wear, geometrical 
error and roughness of the machined surface, to anticipate 
potential issues and optimise productivity under such mill-
ing conditions [29]. Accordingly, this paper presents a study 
aimed at achieving a deep understanding of the ball-end 
milling phenomena, identifying the influence of tool incli-
nation and material properties on machining force and sur-
face results during the milling of free-form geometries.

2  Materials and methods

The present work investigates the influence of material 
hardness and variations in tool–surface engagement (TSE) 
on the cutting phenomena, considering the predominance of 
ploughing and/or shearing cutting mechanisms during the 
milling of free-form surfaces with a ball-end cutting tool. 
Machining experiments were carried out alongside a geo-
metrical analysis of the tool–surface engagement, supported 
by CAD software to correlate the effective cutting tool 
diameter and effective cutting speed with machining force 
and surface roughness. Two ball-end tool diameters were 
evaluated, and AISI H13 steel blocks were used as work-
pieces under two hardness conditions. The experimental 
procedures are detailed ahead.

2.1  Workpiece geometry, machining experiments 
and the evaluations carried out

A quarter-cylindrical geometry was machined longitudi-
nally at different angular positions to represent the distinct 
tool–surface engagements (TSE) typically encountered in 
free-form milling. This setup enabled the investigation of 
this complex machining condition. Seven cutting contact 
angles (φ) were defined: 0°, 10°, 20°, 30°, 45°, 60°, and 85°. 
For each angular position, ten passes were executed.

The selection of the angles was based on the variation 
of the tooltip centre contact. As the slow transition occurs 
at the tooltip centre and more complex phenomena take 
place, increments of 10 degrees were selected, extending up 
to 30°, where the tooltip is no longer in contact with the 
chip. Afterwards, increments of 15 degrees were used, since 
the tooltip is no longer in contact and the effective cutting 
speed dominates the behaviour, up to 60°. Finally, 85° was 
selected to evaluate a tangential cutting condition, where the 
spherical dome of the tool is still in cut. Figure 1 illustrates 
the workpiece and the corresponding toolpaths at the differ-
ent angular positions, as generated using Siemens NX CAD/
CAM software.

The AISI H13 steel was used as the workpiece material, 
and its chemical composition is presented in Table 1. The 
first machining experiments were conducted with the mate-
rial in the annealed condition, with a hardness of 227 HV. 
The second batch of experiments was conducted with the 
material heat-treated to reach 495 HV (118% higher). To 
achieve this hardness, the procedure involved preheating at 
816 °C (ramp rate of 10 °C/min), annealing at 600 °C for 
one hour in an argon atmosphere, followed by oil quenching 
(cooling rate of ~ 40  °C/min). Eight specimens were pre-
pared for each machining condition, all prepared from the 
same batch.

To investigate the influences of the tool diameter, the 
experiments were conducted using two diameters of the ball-
end mills: 10 mm and 6 mm. The cutting-edge roundness 
values were 5.6 ± 0.76 μm and 2.7 ± 0.60 μm, respectively, 
representing a proportional difference of approximately 
22%. Both tools had a 30° helix angle and a multilayer (Al, 
Ti, Si, Cr)N coating. The cantilever ratio (L/D) was 4:1, 
and the tool run-out was 6.0 ± 5 μm for the 6 mm tool and 
12.0 ± 8  μm for the 10  mm tool. The milling experiments 
were carried out on a Romi D600 CNC machining centre.

Based on the parameters recommended by the cutting 
tool supplier, the programmed cutting speed (Vc) was set 
to 150 m/min, and the radial depth of cut (ae) was fixed at 
0.1 mm. Both parameters were kept constant. It is important 
to note that the effective cutting speed varied undesirably 

Fig. 1  Workpiece dimensions and cutting contacts evaluated
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Where Fu is the product of the force components x, y and z 
for each peak (Eq. 2).

Fu (i) =
√

Fx
2

i + Fy
2

i+ F z
2

i� (2)

The surface topography was assessed using a Veeco® 
WYKO NT1100® optical profilometer. For each sample, 
three random images were acquired at 10× magnification 
(736 × 480 μm), from which the surface texture and the Sz 
parameter were obtained after cylindricity removal using 
the F-operator and S-filtering (λs = 8 μm), following the 
procedure described by Pomberger et al. [30].

ANOVA analysis, under a 95% significance level, was 
performed to evaluate the significance of the cutting force 
and roughness, including interactions up to second order, 
aided by Minitab software.

2.2  Geometric identification tool-surface 
engagement

To support the analysis of the ball-end milling process, 
the tool–surface contacts were geometrically analysed, as 
shown in Fig. 2a. It illustrates the initial and final engage-
ment of the tool edge with the workpiece surface, and the 
maximum and minimum effective cutting radius, which 
influence the effective cutting speed. The angle ξ is defined, 
and these conditions vary according to the contact angle (φ).

The geometric cutting conditions were obtained through 
parametric chip modelling in CAD software, with the cut-
ting edge rotated in increments of 5° to represent the mate-
rial removal process. Intermediate values were interpolated 
using Matlab® software, and the cutting contact area was 
determined by integrating the results over the tool inclina-
tion angles. A summary of this procedure is presented in 
Fig. 2b.

The effective cutting radii were calculated using Eq. 3 
[22], with the minimum and maximum values determined 
by Eq. 4 and Eq. 5, respectively.

Ref =
√

R2 − (R − ap)2� (3)

Ref,min =
−

EC= Rsin (ϕ − ξ )� (4)

Ref,max =
−

AB= Rsin (ϕ )� (5)

due to changes in tool–surface engagement. Two levels of 
axial depth of cut (ap: 0.5 mm and 0.2 mm) and feed per 
tooth (fz: 0.1  mm and 0.05  mm) were employed. It cor-
responds to 16 cutting parameter conditions (C1 to C16). 
Considering the seven contact angles (φ, Fig. 1), the experi-
mental procedure carried out resulted in 112 milling experi-
ments. The experimental matrix of the cutting parameters is 
presented in Table 2. For statistical purposes, ten tool passes 
were performed for each case.

It is important to highlight that this work focuses on 
understanding the influences of the material state and the 
cutting parameters ap, fz, tool diameter and the TSE when 
the ball-end mill tool tip is cutting.

The machining force was acquired by a Kistler® 9257BA 
dynamometer. A Kistler® 5233 A signal amplifier was used 
with a National Instruments USB-6216 data acquisition 
system, operating at a sampling rate of 100  kHz. Subse-
quently, the cutting force data were processed using Mat-
lab® software, where the drift was removed, and the peak 
values of the Cartesian components of the machining force 
were obtained through the findpeaks function. Finally, the 
resultant cutting force was computed by pondering the local 
forces, as defined in Eq. 1.

Fu = 1
A

∑ A

i=1
Fu (i) � (1)

Table 2  Cutting parameters table
Workpiece ap [mm] fz [mm] Tool 

diam-
eter 
[mm]

ξ [°] Material 
[Annealed/
Hardened]

C 1 0.5 0.10 10 22.4 H13 A
C 2 0.5 0.05 10 22.4 H13 A
C 3 0.2 0.10 10 14.1 H13 A
C 4 0.2 0.05 10 14.1 H13 A
C 5 0.5 0.10 6 30.7 H13 A
C 6 0.5 0.05 6 30.7 H13 A
C 7 0.2 0.10 6 19.2 H13 A
C 8 0.2 0.05 6 19.2 H13 A
C 9 0.5 0.10 10 22.4 H13 HT
C 10 0.5 0.05 10 22.4 H13 HT
C 11 0.2 0.10 10 14.1 H13 HT
C 12 0.2 0.05 10 14.1 H13 HT
C 13 0.5 0.10 6 30.7 H13 HT
C 14 0.5 0.05 6 30.7 H13 HT
C 15 0.2 0.10 6 19.2 H13 HT
C 16 0.2 0.05 6 19.2 H13 HT

Table 1  Chemical composition of the AISI H13 provided by the supplier
Element C Si Mn Cr Mo V Ni Fe
% Weight 0.32–0.45 0.80–1.20 0.20–0.50 4.75–5.50 1.10–1.75 0.80–1.20 0–0.30.30 Balance
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machining force (Fu). Then, the Fu was decomposed to bet-
ter understand the amount of ploughing and shearing mech-
anism according to TSE (φ and ξ). Finally, the computed Ks 
coefficients (specific pressure) are presented to estimate the 
Fu under such circumstances, ploughing and shearing.

3.1.1  Resultant Fu and its significant factors (ANOVA)

Figure 3 presents the average machining force (Fu) obtained 
from each experiment (Cx) for the seven TSE conditions 
evaluated (φ = 0° to 85°). Each set of experimental results is 
grouped according to similar parameters, where An denotes 
the annealed H13 and Hd represents its hardened H13 coun-
terpart. The most important discussion about the results 
of Fu lies in two focuses: (i) the influences of the cutting 
parameters when the tool tip participates in the cutting pro-
cess, and (ii) the influences of the material hardness in such 
a milling process. The contact angle φ (TSE) does not alter 
the chip cross-section thickness. From the contact angle 
φ = 45° onwards, the tool tip centre was no longer engaged 
in any condition, which may explain the lower average Fu 
values despite the material condition.

From the TSE point of view, the Fu increases drastically 
as the φ angle is reduced, for all cases. The increase of Fu 
can reach up to 400% from φ = 85° to 0° (C3 case). It hap-
pens because of the lower effective tool radius, thus lower-
ing the effective cutting speed, as already documented in 
the current literature. However, unexpectedly, in some cases 
(for example, C1), where the tool tip is perpendicular to the 
machined surface (φ = 0°), the highest Fu was not observed. 
From the material point of view, unexpectedly, the hardened 
material had little influence on the Fu in most cases. To bet-
ter understand such unexpected phenomena, the results of 
the ANOVA are first presented.

The ANOVA (Fig. 4) shows the significance of ap, contact 
angle (TSE), fz, and material hardness on the Fu, along with 
second-order interactions between contact angle and both ap 
and fz. For interpretation, factors with p-values below 0.05 

Where ϕ  is the inclination angle, ξ  is the chip extension 
angle, given by Eq. 6, as a function of the nominal tool 
radius (R), local radius of the surface ( Rw), and depth of 
cut (ap) [11].

ξ = cos−1

[
(Rw + R)2+R2 − (Rw + ap)2

2R (Rw + R)

]
� (6)

For 𝜉<𝜑, the tool tip is out of contact (tip-off). For 𝜉=𝜑, the 
tool tip is on the surface (tip-on). For 𝜉>𝜑, the tool tip is 
engaged within the chip formation.

Finally, the effective cutting speed ( V cef ) is obtained 
through Eq. 7.

V cef = Ref 2π N

1000
� (7)

3  Results and discussions

The results achieved in the research are presented, focus-
ing on the influence of the material to be machined and the 
tool-surface engagement (TSE) to characterise the predomi-
nance of the cutting mechanism, from ploughing to shear-
ing, which can influence the machining force (Fu) and the 
surface roughness when milling free-form surfaces using a 
ball-end cutting tool.

3.1  Machining force (Fu)

First, a general discussion about the resultant Fu of all 
experiments together with the ANOVA to identify the sig-
nificance of each parameter evaluated on the Fu is intro-
duced. After that, the influences of the cutting parameters 
(ap and fz) on the Fu, focusing on cases where the tool tip 
takes part in the cutting, were then investigated. The geo-
metric characteristics were explored according to the TSE 
to aid the comprehension of the different behaviour of the 

Fig. 2  a Tool surface engagement (TSE). b Obtaining the chip cross-sectional area
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Source DF Seq. SS Contribution F-Value P-Value
Contact angle 6 16591.6 50.89% 86.16 0.000

Material 1 181.0 0.56% 5.64 0.020

R 1 59.9 0.18% 1.87 0.175

ap 1 8239.9 25.27% 256.75 0.000

fz 1 2137.1 6.56% 66.59 0.000

Contact angle × ap 6 1926.8 5.91% 10.01 0.000

Contact angle × fz 6 609.8 1.87% 3.17 0.007

Error 89 2856.3 8.76%

Total 111 32602.4 100.00%

Main Effects Plot for Fu (N)
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Fig. 4  ANOVA results and main 
effect plot for the Fu
 

Fig. 3  The machining force for AISI H13 steel according to material hardness, cutting parameters and the TSE
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The behaviour of this percentage divergence with respect to 
fz and ap is presented in Table 3.

Remarkably, Table 3 shows that the fz does not affect the 
percentage divergence of the machining force (Fu) when the 
tool tip is on cut (tip-on) and the tool tip is out of cut (tip-
out), across the different ranges of φ angle. It was kept the 
same (385%) for both values of fz (0.05 mm and 0.1 mm). 
It probably happened because the fz alters the chip by alter-
ing the tool surface contact in a radial direction, so the chip 
cross-section proportionally changes, and consequently, the 
region where ploughing and shearing occur. Besides, the 
cutting speed was the same for both fz (Fig. 5a). Thus, the 
divergence of Fu between the tip-on and tip-out cutting con-
ditions remains the same.

On the other hand, ap had a significant influence on the 
Fu divergence with the tool tip actuation, in an inverse man-
ner – the lower the ap, the higher the percentage divergence. 
This probably occurs because ap alters the chip volume in 
an axial direction and consequently, the proportion of the 
chips generated by ploughing remains the same when ap 
is increased. Thus, the lower ap, the higher percentage of 
the chip formed by the ploughing mechanism (see Fig. 5b). 
Besides, the effective tool radius is also altered, magnifying 
discrepancies. Consequently, because the ploughing mecha-
nism requires a higher force to cut, in cases in which the 
ploughing volume is proportionally larger (relative to the 
shearing volume), the machining force would be higher as 
well.

The results show that for an accurate model to predict the 
machining force in such a milling process, the alterations of 
the parameter ap significantly alter the Fu in tip-on cutting 

are considered statistically significant, given the 95% confi-
dence level assumed.

The ANOVA shows that the most significant contribu-
tions to the Fu are attributed to ap, contact angle (φ), and fz. 
The influences of the cutting parameters (ap and fz) on the 
Fu can be correlated to alterations of the chip cross-section, 
while the contact angle affects the tool tip engagement and 
modifies the cutting phenomena, such as the ploughing-to-
shearing transition, which is one of the main aspects inves-
tigated in this work.

3.1.2  Influences of the cutting parameter ap and fz on Fu 
when the tool tip is on cutting

To understand the influences of the cutting parameters on 
the Fu and the influence when the tool tip takes part in 
the cutting process, the divergence of the Fu is compared 
between the cases in which the tool tip is engaged in cutting, 
compared to the cases in which the tool tip is out of cutting. 

Table 3  Divergence of the Fu between the tool tip on and tool tip out 
according to ap and fz

Fu (fz)
fz 0.05 fz 0.1

Tool tip on cut (φ = 0° up to 30°) 30.7 N 44.8 N
Tool tip out of cut (φ = 85°) 6.3 N 9.2 N
Divergence of Fu: tip on and tip out 385% 385%

Fu (ap)
ap0.2 ap0.5

Tool tip on cut (φ = 0° up to 30°) 30.2 N 45.2 N
Tool tip out of cut (φ = 85°) 4.4 N 11.1 N
Divergence of Fu: tip on and tip out 586% 307%

Fig. 5  Influences of the ap and fz on the effective tool diameter
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counterclockwise) is in contact with the machined surface, 
whereas when φ > ξ, only the third axial quadrant of the tool 
is in contact with the machined surface (Fig. 6b-iv).

Therefore, this analysis allows the identification of four 
TSE conditions:

i)	 tool tip on cutting forming final surface (φ = 0°).
ii)	 tool tip on cutting with the cutting tool using two axial 

quadrants (φ = ξ/2).
iii)	 tool tip leaving the cutting zone (φ = ξ).
iv)	 tool tip is out of the cutting zone (φ > ξ).

Figure 6 demonstrates that for φ = ξ/2, the tool acts with 
half of the third and half of the fourth axial quadrants. By 
increasing the angle φ, the TSE passes through a transition 
phase, still in the tip-on cutting condition, increasing the 
effective cutting speed, until the tool tip leaves the cutting 
zone. After the tool crosses this transition zone, the chip is 
formed only using the fourth axial quadrant, with the tool 
tip out of the cutting zone. This results in a higher effective 
diameter and cutting speed, which leads to lower cutting 
forces as denoted in Fig. 3.

After this first geometric identification, the analysis of the 
chip formation according to the TSE angle is presented to 
aid the comprehension of the unexpected behaviours of the 
Fu and surface roughness. Figure 7 shows C7 as an example 
to illustrate the chip cross-sectional area and its position, 
where it occurs according to the tool rotation. Additionally, 
it shows the alteration of the axial quadrant (θ ≈ 180°) and 
the behaviour of the Cartesian components of the Fu, at 
φ = 0°, 10° and 20°.

conditions, and the alterations of the parameter fz do not 
influence the divergence of the Fu between the tip-on and 
tip-out conditions. To better understand the cutting phenom-
ena, the geometric variations of the TSE with tip-on and tool 
tip-out conditions are presented and discussed.

3.1.3  Geometric condition of the tool tip in the cutting 
zone

Another remarkable point observed in Fig. 3 is the unex-
pected behaviours of the Fu when the tool tip takes part 
in the cutting process. In some cutting conditions, when 
φ = 0° (the tool tip perpendicular to the machined surface), 
the average Fu is not the highest value, as reported in the 
current literature. For example, in the case C5, the Fu was 
higher for φ = 10°, 20°, 30° rather than for 0°. So, to under-
stand such cases, a geometric evaluation is presented.

Figure 6 presents the engagement variation and the cut-
ting speed limits for the different combinations of the cut-
ting parameters investigated. It allows identifying that the 
tool surface engagement issue goes beyond the tool tip par-
ticipating in the cutting process and the cutting speed varia-
tion. The angle ξ, which is a function of surface curvature 
radius, tool diameter and the depth of cut (Eq. 7), together 
with angle φ, defines the axial contact of the tool.

There is a range of positions in which the tool alters the 
axial quadrants of contact and can affect the cutting pro-
cess. In some cases, the tool tip can act using two axial 
quadrants (Fig. 6b-ii). For any cutting parameters, when the 
angle φ is null Fig. 6b-i, only the tool’s fourth axial quad-
rant (defined from the tool top view and the feed direction, 

3rd4th

vceff 1 vceff 2

Fig. 6  Identification of tool surface engagement (TSE) according to ξ and φ
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trend with increasing TSE angle, with Fu being highest at 
φ = 0° and decreasing until φ = 85°.

In contrast, Fig. 8b (𝜉=30.7°) shows that higher 𝜉 condi-
tions increase the transition window, increasing the number 
of TSE angles that participate in the axial quadrant transi-
tion. This fact was responsible for an unexpected behaviour 
of Fu, where the highest Fu was not at φ = 0°, occurring 
under the tip-on cutting condition in the imminence of leav-
ing the cutting zone (φ = 30°). After that, in the same cut-
ting conditions, when φ = 45°, the chip is formed far from 
the tool axial quadrant transition zone, which resulted in a 
significantly lower Fu. Figure 8a shows a similar behaviour, 
with slightly more oscillations in Fu when the tool tip is 
under cutting, and ξ = 22° (intermediate value), depicting 
the influence of this transitory condition.

In general, the oscillation of the Fu observed in Fig. 3 at a 
lower value of φ (tool tip in cutting) can be associated with 
TSE conditions φ = 0°, φ = ξ/2, and φ = ξ, as well as material 
hardness. The results showed that a very complex cut phe-
nomenon happens when the tool tip is in the cutting zone. 
The cases C7 and C15 were selected to demonstrate this 
complexity in the machining force (Fig. 8d).

Thereby, Fig. 9 presents this case in more detail. It shows 
that the chip formation at φ = 0°, 10°, and 20° is close to the 
tool axial quadrant transition zone. For the annealed mate-
rial, the highest average of Fu did not happen at φ = 0°, as 

Figure 7 shows that the chip is fully formed within the 
third axial quadrant when φ = 0°. For φ = 10°, an interest-
ing point to be observed is that the chip formation alters 
between the third and fourth quadrants, which leads to the 
Cartesian component Fy of the machining force (Fu) alter-
ing its magnitude along one tool revolution (tooth pass), 
changing from − 40 N to + 40 N. The maximum divergence 
between + Fy and -Fy occurs about φ ≈ ξ/2. This condition 
contributes to plastic deformations such as ploughing. For 
the evaluated cutting condition (C16, ξ = 19.2°), when φ is 
higher than 20°, the chip is completely formed within the 
fourth axial quadrant.

Figure 8 presents the variation of the chip cross-section 
in relation to the average Fu for the cases investigated with a 
higher fz level, 0.1 mm/z. The ξ and the Fu for each φ angle 
are correlated. Besides, it can be observed that ap influences 
the cross-sectional area and, consequently, the axial quad-
rant transition, extending the effect to other TSE angles as ap 
increases. The higher the ξ angle, the wider the transitional 
effect.

For the most stable behaviour of Fu, observed in cases 
C3 and C11 (Fig. 8c), the tool axial quadrant change occurs 
close to the machining experiment with φ = 10°, only 
observed in these cases. This narrow window for transition 
(low ξ) results in the force values behaving more consis-
tently at low TSE angles; moreover, it exhibits a decreasing 

Fig. 7  Chip cross-sectional area at different inclination angles φ
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On the other hand, in the case C15 (brittle material), the Fu 
had a behaviour already identified by the current literature, 
where the highest Fu occurred at φ = 0°, and it goes down 
close to a close-to-linear way. Therefore, for a future model 
to predict the Fu when the tool tip is on cut, a relationship 
among TSE angle (φ), ξ, and material hardness might be 
considered.

previously documented in the current literature. The highest 
average of Fu occurred at φ = 10°, followed by φ = 20°. But 
for the hardened material, the Fu had an expected behav-
iour. It was higher at φ = 0° and it decreased significantly for 
higher φ values, almost in a linear way. Both cases (C7 and 
C15) are differentiated only by the hardness of the material.

Figure 9 shows a high discrepancy of Fu between the con-
ditions in which the tool tip is in cutting (φ = 0°, 10°, 20°) 
and the conditions in which the tool is close to tangential 
milling (φ 85°). Besides, the Fu is much more influenced by 
the tool tip for milling the ductile material. Almost no dis-
crepancy can be observed when tangential milling (φ = 85°). 
Thus, it can be concluded that the ploughing phenomenon 
plays a significant role in this process according to the mate-
rial hardness state.

This probably happens because the increase in fragility 
with the hardness favours shearing, reduces the propor-
tion of ploughing, particularly affecting the transition zone 
when the tool tip is in contact (φ = 0°, 10°, 20°). The highest 
average Fu did not occur at φ = 0°; it happened at φ = 10° 
and φ = 20°, which is close to ξ/2 (alteration of tool quad-
rant contact) and to φ ≈ ξ (tool tip leaving the cutting zone). 

Fig. 9  Complexity of cutting involving TSE and material hardness
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under low cutting speed and when a ball-end mill is 
used.

Thus, Fu is the resultant of both components (Eq. 8).

Fu = Fushear + Fuplough[N]� (8) 

It is known that for any cutting process, both shearing and 
ploughing happen. Shearing is predominant in tangential 
milling, with Fuplough being neglected many times. How-
ever, in free-form milling, Fuplough can be the greater com-
ponent of the Fu. It is expected that a relationship exists 
between the material’s ductility and the magnitudes of the 
two Fu components.

Unexpectedly, this paper shows that for the AISI H13, 
the annealed state (ductile) required a higher Fplough than the 
hardened state. The hardened H13 probably promotes more 
shearing, whereas in the annealed material, ploughing prob-
ably predominates. For the purpose of analysis, it is consid-
ered, by approximation, that at φ = 85° (tangential milling) 
only the shearing process happens, with Fuplough neglected 
at this angle. So, at φ = 85°, the Fu = Fushear. When the tool 
tip is under cutting (φ = 0° up to 30°), Fu = Fushear + Fuplough.

Based on that, Fig. 10 shows the average of Fu for all 
cases investigated in two circumstances: (i) Fu in tangen-
tial milling (φ = 85°), solid bars; (ii) Fu when the tool tip 
is engaged in the cutting (it can vary from φ = 0° to 30°, 
according to ξ), shown as hatched bars.

First, it can be observed that the Fuplough component can 
reach up to 87% of the total Fu (tool tip on). Consider cases 

3.1.4  Components Fu ploughing (φ = tip on) and Fu 
shearing (φ = 85°) of the machining force

The current study opens a discussion on the quantification 
of the ploughing and/or shearing process of cutting when 
milling free-form shapes using a ball-end cutting tool. The 
increase in Fu when the tool tip acts in the cutting region 
probably occurs due to the lower cutting speed (close to zero 
at the tool tip), which promotes a predominant ploughing 
mechanism (associated with plastic deformation) instead of 
shearing, which would be preferable.

To aid the comprehension of the magnitude of the 
ploughing and/or shearing process under such milling con-
ditions, the current paper proposes to split the Fu into two 
components when milling a free-form surface using a ball-
end tool:

i)	 Fushear: the machining force necessary to cut the mate-
rial, considering the shearing process. Currently, this 
is the only component considered to predict the Fu for 
ordinary milling (nominal tool diameter equal to effec-
tive diameter) using mechanistic models. Besides, in 
ordinary milling, shearing is the predominant cutting 
process.

ii)	 Fuplough: the machining force necessary to smash the 
material during the cutting process, encompassing plas-
tic deformations. Current models to predict this force 
have not been thoroughly discussed. It is likely to be 
more significant when machining ductile materials 
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i)	 Ks(φ): machined regions where the tool tip is not engaged 
in cutting (φ > ξ); Fu can be estimated according to TSE.

ii)	 Ks(ξ): machined regions where the tool tip is engaged 
in cutting (φ < ξ); Fu might be driven by the three TSE 
condition identified before: (i) pure tool tip on cut-
ting (φ = 0); (ii) cutting tool uses two axial quadrants 
(φ = ξ/2); and (iii) tool tip leaving the cutting zone 
(φ = ξ). Additionally, Ks(ξ) might also be related to the 
material hardness/ductility.

By using the conventional equation of Ks (Ks = F/A), Ks 
was plotted according to TSE (φ = 0° to 85°), which defines 
either Ks(φ) or Ks(ξ). Figure 11 shows Ks plots for the 10 mm 
diameter tool, encompassing the different materials and 
cutting parameters (for the tool of 6  mm in diameter, the 
behaviour was similar). For the TSE φ > ξ domain, the Ks(φ) 
follows a constant behaviour, and the graphics allow for 

C1 (annealed) and C9 (hardened) to aid the discussion. At 
φ = 85° (solid bars), the hardened material requires a higher 
Fu than the annealed one. On the other hand, when the 
tool tip is on cutting, Fu is higher for the annealed mate-
rial, increasing the % ploughing. In a simple view, it means 
that when the shearing is predominant (φ = 85°), the material 
hardness demands more Fu to be machined. However, when 
ploughing is predominant, the ductile material requires 
more Fu rather than the hardened material due to an increase 
in the Fuplough component.

Another important observation in Fig. 10 is that at the 
shearing domain (φ = 85°), the behaviour of Fu more consis-
tently follows the pattern of cutting parameter growth, in a 
very stable condition, illustrated by angle α. This contrasts 
with the behaviour of Fu when the tool tip is engaged in 
cutting. Based on these results, a new approach for specific 
pressure Ks is proposed, according to the TSE angle:

a) b)

d)c)
Ks (N/mm2) Ks (N/mm2)
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Fig. 11  Proposed Ks sub-domains: Ks(φ) and Ks(ξ)
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reduced (0.05 mm), the annealed H13 resulted in a signifi-
cantly higher Sz than the H13 hardened. Probably it hap-
pens because reducing fz reduces the chip cross section as 
well, and this fact, together with a more ductile material, 
increases the proportion of the ploughing process to remove 
material, which damages the surface roughness (Sz). To aid 
the comprehension of the roughness in this milling process, 
Fig. 13 presents the ANOVA analysis considering a confi-
dence level of 95% together with the main effects plot for 
Sz.

The ANOVA indicates that, among the evaluated param-
eters, only the axial depth of cut (ap) did not have a sta-
tistically significant effect on surface roughness. This is 
probably because increasing the axial depth of cut increases 
the chip volume mainly in the axial direction, while the vol-
ume of material removed that affects surface roughness is 
only slightly influenced. The most significant parameters 
affecting surface roughness follow the sequence: contact 
angle, tool radius, feed per tooth and the material state of 
the workpiece.

The dimensional cutting parameters (such as fz, ap, ae and 
tool radius) influence the roughness predominantly from a 
geometric point of view. On the other hand, the material 
hardness and the cutting speed (altered by the TSE) can 
influence the roughness by altering the cutting mechanics 
(e.g., angle of the shearing plane, ploughing/shearing mech-
anism). Therefore, using only the values of Sz is not enough 
to know whether the roughness results from geometric con-
ditions or from the mechanical cutting process itself. Then, 
the surface texture was examined to aid the discussion of the 
causes of the Sz value.

obtaining Ks(φ) according to TSE. However, for Ks(ξ), a non-
constant behaviour is observed (following the Fu already 
discussed).

The results of this investigation show that Ks(ξ) cannot be 
established in a simple way. A small alteration of TSE (φ) 
can cause a large variation in Ks(ξ). Observing Fig. 10d, a 
variation of φ between 0° and 14° can alter about 50% the 
Ks(ξ). It is related to the TSE and its three regimes (φ = 0°, 
φ = ξ/2, φ = ξ) as well as the machined material properties. 
Thus, a better comprehension of Ks(ξ) is a suggestion to be 
investigated in future researches.

3.2  Roughness and surface texture

The results about the roughness of the machined surface 
focus on the influences of the tool surface engagement (φ 
and ξ), material hardness, and the cutting parameters to aid 
in the identification of the predominance of ploughing and/
or shearing cutting mechanisms for milling free-form sur-
faces. Firstly, the overall roughness Sz and the significant 
effects of the parameters are presented and discussed. Later, 
the influence of Fu is correlated with the surface roughness.

Figure 12 presents the Sz values achieved in all experi-
ments along with the standard deviation (three measure-
ments for each condition). The hardened H13 produced 
lower Sz values on average with low standard deviation, in 
contrast to the annealed H13, which showed higher vari-
ability in Sz, which can be related to a higher level of plastic 
deformation.

This result shows that for the higher fz (0.1  mm), the 
divergence between the roughness Sz is lower when the tool 
tip is cutting, φ = 0° and 10° (e.g., C1 and C9). When fz is 

Fig. 12  Surface roughness according to contact angle under all cutting conditions
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Figure 14 allows the identification of some damages on 
the surface that influenced the Sz value when φ = 0°: (i) 
scratches originated by ploughing, (ii) scratches originated 
by the cutting tool action.

As the tool tip moves away from the surface, the axial 
quadrant transition effect disappears, and the ploughing 
scratch marks are no longer observed. However, under this 
TSE condition, non-uniform burrs were produced when 
milling annealed H13, as shown in Fig. 15. Such burrs can 
be attributed to the ploughing phenomenon, induced by 
low cutting speed and high material ductility. This is not 
observed in the hardened H13. This phenomenon stops 
occurring at φ > ξ, where the tool tip is no longer in contact 
with the machined surface (Tip-off condition).

Figure 14 presents the surface texture obtained in cases 
of annealed H13 (cutting parameters C1, C2, C7) against 
its counterparts on hardened H13 (corresponding C9, C10, 
and C15) under the φ = 0° condition (tool tip in contact with 
the final surface). First, it can be highlighted that for φ = 0°, 
there is not a great discrepancy in the Sz values (Fig. 12) for 
annealed and hardened materials (except C7). It means that 
the tool tip severely influences the Sz, independent of the 
material hardness. But from the texture point of view, for the 
annealed H13, the value of the Sz is predominantly composed 
of material deformation rather than shearing cutting because 
the marks of tool action cannot be observed. In contrast, in 
the hardened H13 material, deformation can be observed 
together with the marks produced by the tool action, as the 
trocoidal movement of the tool and the fz spacing.

Fig. 13  ANOVA results in the average roughness (Sz) and its main effects
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Some longitudinal pattern texture can be identified in 
Fig. 16. At φ 85°, the axial component of the Fu (Fz) was 
significantly reduced, as illustrated by Fig. 17b (φ = 85°). 
Then, the main components of the Fu become Fx and Fy, 
which are responsible for deflecting the cutting tool, gener-
ating the form errors. According to Scandiffio et al. [26], the 
axial component of the Fu (Fz in this case) aids in reducing 
the tool deflection and it favours the cutting process stabil-
ity. Therefore, longitudinal pattern deviation can be attrib-
uted to the relief of the axial component of Fu (Fz).

The texture presented in Fig.  17b and the Sz value 
(Fig. 12) show that the C7 condition presented the poorest 
surface roughness at φ = 10°. It can be explained by com-
bining the factors: (i) critical TSE angle of φ ≈ ξ/2 (where 
ξ = 19.2°); (ii) critical cutting parameters for Sz as identi-
fied in the ANOVA; (iii) more ductile material (annealed 
H13); (iv) transition of the tool axial quadrant action dur-
ing the chip formation (Fig. 7) that alters the direction of 
the Fy component of the Fu (Fig.  17b, φ = 10°). In these 

Besides the geometric features (related to cutting param-
eters) that compose the Sz, the burr might also influence the 
Sz values for annealed H13.

For φ = 30°, 45° and 60°, the texture pattern does not alter 
significantly, with slight improvements up to φ = 85°. Then, 
the surface texture at φ = 85° is discussed, where the effec-
tive cutting speed is closer to the nominal one, favouring the 
shearing cutting. Figure 16 presents the results for annealed 
H13 (C1, C2, and C7) and hardened H13 (C9, C10, and 
C15). In this TSE, the ploughing scratches and burrs are 
not identified. This can be correlated with a higher cutting 
speed, which favours the shearing cutting mechanism, even 
for the annealed H13.

In the case of φ = 85°, the ploughing damages (scratches 
and burrs) are not identified. The surface texture is mainly 
influenced by the geometric condition of the cut (accord-
ing to the cutting parameters) rather than material deforma-
tion. This effect is evident in both hardened and annealed 
materials.

Fig. 15  Surface texture φ = 20°

 

Fig. 14  Surface texture and dam-
ages for φ = 0°
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resulted in a clearly identifiable surface pattern pro-
duced by the cutting tool’s action (Fig.  18b). This 
observation suggests that hardened H13 exhibited a 
greater tendency towards shearing, even at φ = 0° and 
10°, whereas in annealed H13, ploughing was the more 
significant cutting mechanism.

iv)	 Surface burrs: This damage is observed during the mill-
ing of ductile material (annealed H13) across a range 
from φ = 20° to φ = 45°. In this scenario, the tool tip is on 
the verge of losing contact or no longer fully engaged in 
the main cutting zone. However, a lower effective tool 
radius and, consequently, lower effective cutting speeds 
contribute to the formation of surface burrs in ductile 
materials (Fig. 18c).

v)	 Induced cavity formation: Under specific TSE, the cut-
ting edge operates within two axial quadrants, with the 
tool tip centre passing through at a certain instant. In 
these circumstances, during chip formation, the Carte-
sian components of the machining force (specifically Fy 
in this experimental setup) undergo a change in direc-
tion within a single chip formation cycle. This dynamic 
force alteration severely twists and plastically deforms 
the chip around the tool tip centre. The impact of this 
twisted chip against the machined surface can tempo-
rarily fuse the chip material onto the surface. Subse-
quently, due to the continuous twisting motion, a portion 
of the surface material fused with the chip is removed, 
thereby generating a surface cavity (Fig. 18d). This phe-
nomenon was identified to occur when ξ/3 < φ < ξ/2 (in 
studied cases, it was identified at φ ≈ 10°), becoming 
more pronounced as φ approaches ξ/2. Such damage 
was exclusively observed on annealed H13.

circumstances, a higher deformation field occurred, generat-
ing another kind of surface damage by a ploughing-induced 
cavity, as identified in Fig. 17b (φ = 10°).

The surface texture images assessed in this research 
allowed the classification of five specific sorts of sur-
face damage, focusing on the regions where the tool tip is 
engaged in or close to the cutting zone. These damages, 
depicted in Fig.  19, can be attributable to the ploughing/
shearing cutting process, and they can influence the theo-
retical Sz values. The surface damages are:

i)	 Predominant ploughing scratches: At TSE φ = 0°, these 
are anomalous surface marks primarily generated by the 
displacement of material by either spare material (+) or 
unpattern removal (-) from the surface. It is promoted 
when the tool tip engages in cutting of ductile materi-
als (annealed H13). The cutting tool marks are not dis-
tinctly visible in these instances (Fig. 18a).

ii)	 Ploughing-induced deformations: This type of dam-
age was observed on annealed H13 surfaces at φ = 0°. 
It resulted from a volume of material being twisted at 
the same time that the tool tip centre scratches the sur-
face (tool-on-surface interaction), deforming the sur-
face with characteristic low elastic recovery, leading to 
detrimental surface roughness. This phenomenon was 
facilitated by the use of ductile materials combined with 
the influence of the tool tip, particularly at low cutting 
speeds, during the cutting process (Fig. 18a).

iii)	 Predominant shearing scratches: Even when the tool 
tip is engaged in cutting at lower speeds, hard mate-
rials (hardened H13) significantly promoted a mate-
rial removal process primarily through shearing. This 

Fig. 16  Surface texture φ = 85°
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The interaction between contact angle and feed per tooth 
(fz) influenced the ploughing proportion by altering the chip 
formation according to the TSE.

4  Conclusions

The current research brings a contribution to the knowledge 
about milling of free-form surfaces using ball-end cutting 
tools towards a model to predict the machining force (Fu) 

After discussing the phenomena that occurred on the 
machined surface under the investigated cutting conditions, 
a Tukey analysis of the average surface roughness values 
was carried out along with the plotting of the average Sz by 
each parameter level (Fig. 19). It shows the surface rough-
ness tends to remain similar between φ = 0° and φ = 10°.

Even though the material is not among the most signifi-
cant contributions to the Fu and the Sz, the association of the 
material with the contact angle showed the most prominent 
second-order interaction to affect the machining process. 
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presented, followed by the machining force (Fu), then the 
roughness (Sz and surface texture).

4.1  Tool surface engagement (TSE)

The geometrical analysis of the TSE (according to the tool 
position angle φ) allowed the identification of specific TSE 
conditions, to cite:

i)	 Tool tip on cutting against the machined surface 
(φ = 0°). This occurs when the tool axis is perpendicu-
lar to the machined surface normal and the cutting-edge 
acts using only one axial quadrant of the tool.

ii)	 Tool tip on cutting with the tool edge acting through two 
axial quadrants (φ = ξ/2).

iii)	 Tool tip at the point of leaving the cutting zone (φ = ξ).
iv)	 Tool tip out of the cutting zone (φ > ξ), increasing the 

effective cutting speed as the TSE angle increases.

and roughness (Sz) for this machining process. Milling 
experiments were conducted, and the influences of material 
hardness, cutting parameters, and the effects of tool surface 
engagement (TSE) were evaluated.

A determinant geometric cutting condition, the ξ angle, 
was identified by considering the cutting parameters and the 
TSE. The ξ angle enables determining the tool tip position and 
the chip engagement during the cutting process, which in turn 
affects the forces, surface texture, and consequently the rough-
ness. Furthermore, it was observed that by altering the TSE 
and ξ angles, the transition between ploughing and shearing 
cutting mechanisms can be identified, along with a specific 
coefficient (Ks) defined according to the TSE and ξ angles: 
Ks(φ) and Ks(ξ). The definition of Ks(φ) and Ks(ξ) allowed iden-
tifying the machining force (Fu) to be determined at any spe-
cific position of the tool along a free-form path.

The main conclusions arising from this research are 
presented below. First, the conclusions about the TSE are 

Fig. 19  Tukey analysis of average 
Sz values
 

Fig. 18  Damage patterns attributable to the ploughing/shearing mechanism
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	● The surface texture images enabled the identification 
of five surface damage patterns related to the φ angle, 
material hardness and actuation of the axial quadrants, 
caused mainly by the ploughing effect during the cutting 
process, which influenced the Sz value. The five identi-
fied damage patterns are:

i)	 Predominant ploughing scratches.
ii)	 Predominant shearing scratches.
iii)	Ploughing induced deformations.
iv)	 Surface burrs.
v)	 Induced cavity formation.

To deepen the comprehension about this complex machin-
ing process towards an analytical model to predict it, the 
residual stress along with temperature, according to the 
tool-surface engagement is suggested to be investigated in 
future works.
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